ON NEWTON NON-DEGENERACY OF POLYNOMIAL MAPPINGS 



Y. CHEN, L.R.G. DIAS, AND M. TIBAR 

Abstract. We introduce a new non-degeneracy condition "at infinity" for a real or 
a mixed polynomial mapping F which allows us to approximate its bifurcation locus 
in terms of certain Newton polyhedra. We derive a sufficiency result for the Jacobian 
problem in the setting of mixed mappings. 



1. Introduction 

The bifurcation locus of a C 1 mapping F : A n — > A k , A = R or C and n > k, is 
defined as the minimal set of points A(F) C A fc out of which the mapping is a locally 
trivial fibration. There is no effective characterisation of this set unless F is a real or 
complex polynomial function in two variables, [Su], [HL] [Du], [Til], [TZ]. In higher 
dimensions, one may approximate A(F) by some "reasonably good" set B Z> A(F) by using 
certain criteria of regularity at infinity. This was done first in case of complex polynomial 
functions / : C n — > C with conditions like tameness [Brl], Malgrange regularity [Pa], 
p-regularity [NZ2], [Til], W-equisingularity [Ve], [ST] etc. Each of these conditions holds 
over R too and exhibits, in both settings, a finite subset of "non-regular values" containing 
the bifurcation set A(/). 

Whenever k > 1, Rabier [Ra] considered an asymptotic regularity derived from a Palais- 
Smale type condition in order to define a set K^F) and to prove that A(F) C -F(SingF)U 
Koo(F) for a large class of mappings F. In the context of semi-algebraic F: IR n — > 
R p , Kurdyka, Orro and Simon showed in [KOS] that K^F) is a semi-algebraic set of 
dimension at most k — 1. Gaffney [Ga] defined a generalised Malgrange condition in the 
setting of complex polynomial mappings C n — > C fc and proved that this condition yields 
a set Aq of non-regular values such that A(F) C F(SingF) U Aq. Then Jelonek [Je2] 
showed that the asymptotic conditions employed in [KOS] and in [Ga] are equivalent, i.e. 
that KJ^F) = Aq. 

More recently, [DRT] gives a geometrically grounded condition in the setting of semi- 
algebraic C 2 mappings F: W n — > MP and shows that this is equivalent to the asymptotic 
regularity condition used in [Ra] and [KOS]. Furthermore, [DRT] uses the p-regularity in 
the setting of semi-algebraic mappings to exhibit a semi-algebraic set S(F) for which the 
inclusion A(F) C F(SingF) U S(F) holds, [DRT, Theorem 5.7(a)]. 
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In this paper we consider not only real and complex polynomial mappings but also 
mixed mappings, which are mappings F : M. 2n — > M? regarded as C n — > C in variables z 
and z. Mixed polynomials have been introduced by Oka, who studied several aspects of 
their local topology in [Oka2], [Oka3] and some other more recent articles. In [CT] we 
have used the mixed Newton polyhedron at infinity to define a semi-algebraic set which 
approximates the bifurcation values. 

Under the non-degeneracy condition of Definition 3.3, we obtain the following result 
on the bifurcation locus of F — {fi, ■ ■ ■ , fk), computable in terms of critical values of 
restrictions F& to certain faces of the Newton polyhedra of the components fi (cf Definition 
3.5): 

Theorem 1.1. Let F : A n — > A k , n > k, be a real or mixed polynomial mapping such that 
F(0) = 0. If F is non- degenerate at infinity and depends effectively on all the variables 
then: 

K ^(F) c A k \ (A*) k U U Fa (Sing Fa PI (A*)™) 

Ae<8(F) 

where *B(F) is the set of "atypical faces" of F. 



We actually introduce here a new non- degeneracy condition at infinity in the real and 
mixed settings. This extends the definitions of Newton non- degenerate at infinity for func- 
tions, both in the complex setting [Ku], [Brl], [Br2], [NZ1] and in the more recently devel- 
oped mixed setting [CT]. Our Definition 3.3 of non-degeneracy is particularly designed to 
treat the case of non- convenient polynomial mappings (cf Definition 3.1) since bifurcation 
values at infinity appear only in this context, see Corollary 1.2. Bivia-Ausina considers in 
[Bi] a different notion of non-degeneracy for real polynomial mappings F : K n — > M fc and 
use it whenever each component f\ is convenient. We show in §5 that, whenever n > k 
and F is convenient, our definition of non-degeneracy is strictly more general than the one 
considered in [Bi], and that, for n = k, the two definitions are equivalent, cf Proposition 
5.3, see also Example 5.5. 

Our definition of non-degeneracy for mappings is completely new in the case of mixed 
mappings. Moreover, under our definition, a mixed mapping may be convenient without 
the underlying real components to be convenient, whereas if all the real components are 
convenient then the mixed functions must be also convenient (see Example 5.4). Note 
however that the property of being convenient depends on the coordinates. 

Theorem 1.1 also extends to real or mixed mappings a recent result proved for mixed 
polynomial functions / : C n — > C in [CT, Theorem 1.1(a)] and previously in [NZ1] for 
complex polynomials /, in view of the inclusion S(f) C K^f) which follows by [CT, 
Prop. 2.2] and by Proposition 2.5. 

Applied to mixed mappings F : C n — > C k , our theorem yields a better result than for 
the same underlying real mapping F : M? n — > M. 2k . This is not only trivially visible in 
the first term of the union A k \ (A*) k , but also in the second term since the involved 
Newton polyhedra turn out to be different. Moreover, the statement in the mixed setting 
cannot be deduced from the one in the real setting; its proofs is similar, but needs specific 
notations and preliminaries. We give in §4 the proof of Theorem 1.1 and drive some 
consequences, such as the following: 
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Corollary 1.2. Suppose that F is non- degenerate at infinity and that /, is convenient, 
for any i = 1, . . . , k. Then K^F) = 0. 

In [Brl, Proposition 3.4], Broughton showed that if a polynomial complex function 
/: C n — > C is convenient and Newton non-degenerate then F is tame, which implies 
that K oc (F) = 0. Thus Corollary 1.2 extends to real and mixed mappings Broughton's 
classical result and a recent result for mixed functions [CT, Corollary 4.1]. We shall prove 
it at the end of §4. 

We use the above results to derive a sufficiency criterion for the Jacobian problem: 

Corollary 1.3. Let F : A" — > A n be a C 1 real semi- algebraic mapping such that SingF = 
0. If K ^(F) = then F is a global diffeomorphism. 

In particular, if F = (A, • • • , / n ) ^ s a rea ^ or a mixed polynomial mapping, non- 
degenerate at infinity, and if fi is convenient for all i = l,...,n then F is a global 
CP -diffeomorphism. 

Proof. Let Jp denote the set of points at which F is not proper (see definition below 
and [Jel, Definition 3.3]). By [KOS, Proposition 3.1], one has K^F) = Jp. Thus if 
Koo{F) = then F is proper. It is moreover a submersion since SingF = by hypothesis. 
A proper submersion is an open and closed mapping, a general topological fact. Thus 
F is a covering and it must be one-to-one since its image A n is simply connected. Our 
first assertion follows. Remark that the final part of this proof is actually Hadamard's 
theorem, see e.g. [vdE, p. 240]. The second assertion follows by Corollary 1.2. □ 

Bivia-Ausina [Bi] proved such a sufficiency criterion for the Jacobian problem in case 
of a real polynomial mapping F : M n — > M. n . He obtained the properness of F, necessary 
for the bijectivity of F, via an interpretation of his notion of non- degeneracy in terms of 
Lojasiewicz exponents. In [Bi, p. 746], the author observes that the techniques used in 
his paper work only for real polynomial mappings. 

Our result not only provides a totally different proof, in terms of the absence of as- 
ymptotic critical values and of a new Newton non- degeneracy condition, but extends its 
applicability to the new class of convenient mixed mappings (which may be not convenient 
viewed as just real mappings, see Example 5.4). 

2. Preliminaries 

2.1. p-regularity and asymptotic critical values. Let F = {fi, ■ ■ ■ , fk) '■ A n — > A k , 

n > k, be a C l real semi-algebraic mapping with fi ^ const., Vi = 1, . . . , k. The Milnor 
set of F, denoted by M(F), is the critical locus of the mapping (F, p), where p : A n — > R> 
denotes the Euclidean distance function. From its definition, it follows that M(F) is a 
closed semi-algebraic subset of A n . Note that, in the case n = k, M(F) coincides with 
the whole A n . 

Definition 2.1. Let F : A n — > A k be a C 1 non-constant real semi-algebraic mapping. 
The set of asymptotic non p-regular values of F is defined as 

S(F) := \c e A k I 3 {xi} im C M(F), lim || X/ ||= 00 and lim F(x t ) = c) . 

I l— >oo I— s-oo J 

We have the following general structure result: 
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Proposition 2.2. Let F : A n — > A k be a C 1 non-constant real semi- algebraic mapping. 
Then S(F) and F(SingF) U S(F) are closed semi- algebraic sets of dimension < k — 1. 

Proof. This is [DRT, Theorem 5.7] in the case n > k and [KOS, Theorem 3.1 and Propo- 
sition 3.1] in the case n = k. □ 

In the case n = k, S(F) coincides with the non-properness set Jp studied in particular 
by Jelonek: 

Definition 2.3. [Jel, Definition 3.3] Let F: A" — > A k be a continuous mapping. We say 
that F is proper at a point c G A h if there exists an open neighbourhood U of c such that 
the restriction F\p-im\ '■ F^iU) — > U is a proper mapping. We denote by Jp the set of 
points at which F is not proper. 

The set of generalised critical values is defined as K(F) := F(SingF) UK oc (F), where: 

Definition 2.4. [Ra, p. 670], [KOS, p. 68] The set of asymptotic critical values of a real 
semi-algebraic mapping F : A n — > A k is defined as: 

Koo(F) := {c G A k | 3{ X/ } /eN C A n , lim ||x z || = oo, 

hm F(xi) = c and lim(l + ||x z ||)i/(dF(xj)) = 0}, 

where u(A) := mf| M | =1 ||A*(^)||, for A G C(A n ,A k ). 

From the above definitions we get the inclusions S(F) C Jp and K^lF) C Jf. In the 
case n = k one has Jp = K^F) by [KOS, Proposition 3.1], hence S(F) = Jp = K^^F). 

For n > k, the inclusion S(F) C K OQ (F) was shown in [CT, Proposition 2.2] for a 
mixed polynomial, and in the more general real setting in [DRT, Corollary 5.8]. Here we 
offer a new and direct proof of this inclusion, both over C and M. 

Proposition 2.5. Let F = (fx, . . . , f k ) : A n — > A k be a C 1 non-constant real semi- 
algebraic mapping with n > k. Then S(F) C K 00 (F). 

Proof. For n = k we get the equality Jp = K^lF), as indicated after Definition 2.4 above. 
We concentrate in the following to the case n > k. 

Let c = (ci,...,Cfc) G S(F). Since M(F) is semi-algebraic, one can use the Curve 
Selection Lemma at infinity to find an analytic path = (0i, . . . , <fr n ) :]0, e[— > M(F) C A n 
such that linif^o ||</>(£)|| = 00 an d h m i_>-o F(<p(t)) = c. 

We know that 



(1) G M(F) rank 



V 0i (t) ... 0„(t) y 



So, there exist curves A(t), . . . , bk{t) such that (A(t), . . . , bk(t)) ^ (0, ... , 0), W, 
and one has the equality: 

(2) X(t)(Mt), • • • , 0nW) = h(t)^(<j>(t)) + ... + b k {t)^m)), 



where f (0(t)) = . . . , , for i = 1, . . . , *. 

Consider = (&i(i), . . . , b k (t)). From the equality (2) and by the statements that 
(X(t), h(t), b k (t)) ^ (0, ...,0), Vt, and lim t ^ ||^(f)|| = oo, we have b(t) ^ 0,Vf, and 
consequently, from (2), we obtain: 

/o\ A(t) , . , h(t) dfx b k (t) df k 

(3) m\\ iM } ' ' ' " 0n( )} = )} + " • + )); 

and we will denote A (t) := jj^y an d a W := y^y ■ So, = 1 and one obtains the 

following equalities: 

k Ik \ 

(4) T^aM^um = (l>w§§(^)u'w) = ^ o (t)^ii0(t)ir, 
«=i \ i=i / 

where the later follows from (3), i.e., from the equality Yli=i a «(^)^"( < / ) (^)) = Ao (£)</>(£)• 

On the other hand, since lim^o — h follows that ord t > 0, 

i — 1, . . . , k. This and the equality (4) imply: 

(5) < ord t (xo(t)^U(t)\\ 2 ) < ord t (A (t) U(t) f) . 
Now, from (3) one obtains: 

(6) ord t (||0(t)||||ai(t)^(0(t)) + • • • + a fe (t)^(0(t))||) = ord t (|A o (t)|||0(t)|| 2 ) , 
which is positive by (5). This implies: 

jim ||0(t)|| Wa.it^m)) + ■■■ + a k (t)^(<j>(t))\\ = 0, 
which, in turn, implies lim^o IIKd-FX'K^))) = 0- This shows that c G K^F). □ 

3. Newton polyhedron and non-degeneracy condition at infinity 
Let / : A" — > A be a non-constant polynomial function, A = R or C. We write: 

V 

where v = (ui, • • • , v n ) G W 1 and x" = x 1 ^ ■ ■ ■ x^ n . In the mixed case, we write: 

where v = (ut, ■ ■■ , u n ), pL = (fit, ■ • ■ , /%) G N n , z y = ^ • • • z v ^ and z^ • • • z^ n . 

Definition 3.1. Let / : A n — > A be a non-constant polynomial function (resp. mixed 
function). We callsupp (/) = {v G N n \ c„ ^ 0} (resp. supp (/) = {v + \i G N n | c„ iM ^ 0}) 
the support of /. We say that / is convenient if the intersection of supp (/) with each co- 
ordinate axis is non-empty. We denote by supp(J) the convex hull of the set supp(/) \ {0}. 
The Newton polyhedron of /, denoted by ro(/), is the convex hull of the set {0}Usupp(/). 
The Newton boundary at infinity of /, denoted by r + (/), is the union of the faces of the 
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polyhedron To(/) which do not contain the origin. By "face" we mean face of any dimen- 
sion. 

Let A be a face of supp(/). The restriction of / to A D supp(/), denoted by / A , is 
defined as follows / A (x) := E^Ansuppi/) c„x" ( res P- /a(x) := E„+ M6 Ans U p P (/) c^z 1 ^). 

Let us recall from [NZ1] and from [CT] the definition of "bad" faces of /, which we shall 
call here "atypical". 

Definition 3.2. Let / : A n — > A be a non-constant polynomial function (or a mixed 
function). A face A of supp(/) is called atypical if the following condition is verified: 

(a) There exists a hyperplane H C M n of the equation a\X\ + ■ ■ ■ + a n x n = (where 

the coordinates in M. n ) such that: 

(i) there exist 1 < i, j < n with Oj < and a,j > 0, 

(ii) H nsupp(7) = A. 

The face of A C supp(/) is called strictly atypical if moreover we have 

(b) The affine subspace of the same dimension spanned by A contains the origin. 

Let us now consider a real or mixed mapping F = • • • , /&) : A n — > A k , n > k. For 
a vector p = (pi, . . . ,p n ) G Z n , let p = minpj, J = { j \ p~ = p} and suppose that p < 0. 

l<i<n 

Define the restriction of the linear function / p (v) = Yl^iP^i on su PP(/i); ^ us denote 
by A p the unique maximal 1 face of supp(/j) where / p (v) takes its minimal value d? , for 
1 < j < k. For some / C {1,...,A;}, we set F A i = (/ A j)je/, where / a j denotes the 
restriction of fj to the face A p . We define: 

(7) N p := {j G {1, ...,&;} | is a face of T + (fj) anddp < 0}. 

Definition 3.3. We say that a polynomial mapping F : A n — > A k is Newton non- 
degenerate at infinity, resp. Newton strongly non-degenerate at infinity, if for any vector 
p G Z n \ {0} with p < and such that N p 7^ 0, the following condition is satisfied: 

(*) SingF Ap n {x G A" I / AJp (x) = 0, Vj G N p } n (A*)" = 0, 

respectively 

(**) SingF Ap n (A*) n = 0. 

In the following we shall abbreviate by "non-degenerate" or "strong non-degenerate". 

REMARK 3.4. The above definitions extend the ones in case of a mixed polynomial func- 
tion, namely, for k — 1 and A = C, Definition 3.3 agrees with [CT, Definition 3.2] and 
Definition 3.2 with [CT, Definition 3.3]. 

Definition 3.5. Let F = ...,/jt) : A™ — > A k be a polynomial mapping and let 
p G Z n \ 0. If A p is a atypical (resp. strictly atypical) face of fi for all i, we say that 
A p = A p x Ap x • • • x Ap is a atypical (resp. strictly atypical) face of F. We denote by 
23(F) the set of the atypical faces of F. 



"maximal face" means with respect to the inclusion of faces 
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REMARK 3.6. If F is non-degenerate (resp. strongly non-degenerate) and A is a atypical 
face of F, then Fa is also non-degenerate at infinity (resp. strongly non-degenerate at 
infinity) . 

Definition 3.7. We say that F depends effectively on all the variables, if for every variable 
Zi there exists some G {1, . . . , k} such that fju-s depends effectively on Zj. 

4. Proof of Theorem 1.1 and some consequences 

We begin with some notations. Let / C {1, ... ,n} be a multi-index. We define A 1 : = 
{z = (z x , ...,z n ) \zi = 0,i£ I}, (A*) 7 :={z = (z 1 ,...,z n ) \ z { = % £ 1} and F 1 : = 
Fui, the restriction of F on A 1 . 

We shall show the inclusion K 00 (F)r\(A*) k C U FAfSingFAflfA*)™), which implies 

AeQS(F) 

the statement of Theorem 1.1. The proof will be given in the mixed setting only, since 
the proof in the real setting follows faithfully the same pattern and only needs adapted 
notations. 

Let c = (ci,...,c fc ) G Koo(F) H (C*) k . By definition of K^F) and by the Curve 
Selection Lemma, there exists an analytic path z(t) = (zi(t), . . . , z n (t)) defined on a small 
enough interval }0,e[, such that lim^o \\ z (t)\\ — oo, lim^o F(z(t), z~(t)) = c and 

(8) lim||z(t)||||KdF(z(t)))|| =0. 

We have F : R 2n ->■ M. 2k where Zj — x j I %y j - 

fi — 91 + ih\. By the proof of [CT, Lemma 

2.1] one has: 

/ ., s dfi , ., x d/« ^ , d/ij ./ dgi , d/ij 
(a» + ibi)— + (oj - «0i)-^z- = ai- h fy- h i{ai- h fy— ), 

which shows that: v(dF(z)) = min || ^*L 1 (/i i d/i(z, z) + ~pidfi(z, z))||, for /ij G C with 
Si=i I/ 1 *! 2 = Therefore (8) yields, for any «£{!,... , n}: 



(9) Jim ||*(f)|| ||/xi(t)^(z(t),z(t))+7ir(t)^(z(t),z(t)) + - ■ .+^(t)||(z(t),z(t))|| = 0, 

where fJ>j(t) G C and X^=i l/^jWI 2 = 1; since the left hand side of (9) is less than or equal 
to ||z(*)||||z/(dF(z(i)))||. Let L = {I G {l,...,n} \ z,(i) 0}. Observe that L ^ since 
lim||z(t)|| = oo, and write: 

i — s-0 

(10) Zi(t) = zit pi + h.o.t., where G C*, p« G Z, V/ G L. 
Consider the expansion of _F(z(t), z(t)) for alH = 1, . . . , k, we have either: 

fi(z(t),z(t)) = a 

or 

(11) fi(z(t),z(t)) = q + h.o.t., where q G C*. 

One may assume (eventually after a change of coordinates) that L = {1, . . . , m} and 
p = pi < P2 < • ■ ■ < p m - Since lim t ^ || z (^)|| = °°, one h as P — mm iei{Pi} < 0. Let 
z := (z\, . . . , z m , 0, . . . , 0) G (C*) L and consider the linear function Z p (v) = + 
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J2]= m+ i 9Vj, where p := (pi, ... ,p m , #,...,#) G Z n with g G N big enough. Let A p L be 

the maximal face of supp(/j L ) where l p restricted to supp(//') takes its minimal value, 
which we denote by d p . We observe that, by definition of the vector p and by definition 
of ff, one has A p L = A p , d l p L = d p , and consequently f^ iL = /iAj, (in i&ct, for any 

(vi, v n ) G supp(/i) \ supp(/ 4 L ), the value of YnLiP^i + 9 XXm+i v i is greater than 
d p L , Vi = 1, . . . , k). So, we will denote A p L (resp. d l p ) only by A p (resp. d p ). 
We have: 

(12) fMVXt)) = tf(z(t),z(t)) = /^(zo,z )^ + h.o.t. 

Since lim^o F(z(t), z(t)) = c G (C*) fc , one has d p < for all i — 1, . . . , k. We write: 

(13) Hi{t) = \iit qi + h.o.t., where /ij e C*andg, > 0. 

If /ij = 0, we put qi = oo in (13). Let / = < i E {1, . . . , k} \ + dL — min (gj + d l ) >. 

l<i<fc 

As Xw=i II A*i(^) || 2= 1) we have min g,j = 0. Hence 1^0 and /ij(t) ^ for i £ I. We 

l<i<fc 

conclude therefore + d p < 0, Vi G /. Then (9) yields, for any / G L: 




Comparing the orders of the two sides in the above formula, we obtain, for any I G L: 




Let Zi := (zi, . . . , z m , 1, . . . , 1). From the equation (15), from the definitions of the 
vectors z and z 1; and by the equality f^ Ai = /iAj,) one concludes that z x G SingF^p D 

(C*)™. The last equality (i.e., the equality f^ Ai = /iA P ) i s explained in the paragraph before 

the equation (12). Foreveryj G {1, . . . , k} such that d p < 0, the face Ap is a face of T + (fj) 
by [CT, Lemma 3.9], and hence j G N p . By (11) and (12), we must have f A j (zi,Zi) = 

since d p < 0. Therefore z x G SingF Ap n {z G C n | f A t (z,z) = 0, Vj G N p } n (C*) n which 
contradicts the non degeneracy condition (*) of Definition 3.3. 

Else, we have d p = for all i — 1, . . . , k. Let H be the hyperplane defined by H := 
{v = (v h . . . , v n ) G R n | Pi^i + fi 1 Zir=m+i w i = °}, where the numbers p 1 ,...,p m and 

g are the same numbers which appear in the definition of p, i.e., p = (pi, . . . , p m , g, . . . , g). 
We have obtained that d l p — 0, for i = 1, . . . , k. This implies that A p = supp(/j) fl H, for 
i = 1, . . . , k, which shows us that the condition (a) (ii) of Definition 3.2 is satisfied for all 
i. 

Moreover, this shows that condition (a)(i) of Definition 3.2 is also satisfied whenever 
m < n, since g > and p 1 < 0. Let us suppose that there exists / such that A 1 does 
not satisfy condition (a)-(i) of Definition 3.2. Then, from definition of the set L, one has 
m = n and pi < 0, for all 1 < i < n. By our hypothesis in the statement of the theorem, F 
depends effectively on the variable z±, which implies that there exists some j G {1, . . . , k} 
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such that fj depends effectively on the variable Z\. Since p\ < 0, one obtains that d? p < 0. 
But this contradicts d J p = 0. 

Therefore, one has that A p is an atypical face of F. Moreover, since, for any i £ 
{1,...,*}, 4 = , one obtains c = F Ap (z 1 ,z 1 ) £ F Ap (Sing(F Ap (z, z)) n (C*) n ). This 
completes our proof. □ 

Let us give here two consequences. 

Proposition 4.1. If F is strongly non- degenerate at infinity, then F(SingF) fl(A*) fc and 
K ^(F) H (A*) fc are bounded. 

Proof. By Theorem 1.1, we have K 00(F) C A k \(A*) k U ^ U F A (SingF A n (A*) n ), where 

03(F) is the set of atypical faces of F. By Remark 3.6, for any face A £ *B(F), F A is 
strongly non-degenerate at infinity. If we prove that F(SingF) n (A*) fc is bounded, then 
this proof will work the same for F A , thus F&(SmgF&) fl (A*) k will be bounded for any 
A £ *B(F). Consequently U Fa (Sing H (A*) n ) is bounded, since the set of atypical 

faces is finite. 

Suppose that F(SingF) is not bounded. By the Curve Selection Lemma", there exists 
a real analytic path z(t) C SingF defined on a small enough interval }0,e[ such that: 

lim||z(£)|| = 00, and lim||F(z(t), z(t))|| = 00. 

t — >o t^o w/ " 

We use the same notations as before and rely on the proof of the theorem. In par- 
ticular the initial exponents of z(t) in (10) define a vector p. By our assumption 
lim||F(z(i),z(t))|| = 00, there exists some i such that d p < 0. Then A p must be a 

face of T + (fi), by [CT, Lemma 3.9], and therefore N p ^ 0. By displaying the condition 
z(t) C SingF and comparing the orders of the expansions, we get directly the relations 

(15) and Zi £ Sing(FA p (z, z)) D (A*) n . This contradicts the strong non-degeneracy of F 
by Condition (**) of Definition 3.3. □ 

4.1. Proof of Corollary 1.2. We use the notations and constructions as in the proof of 
Theorem 1.1, but with the difference that c is any point in A fc , not only in (A*) fc . Since f] 
is convenient, we have d p < < ord t (fi(x(t)) for every i. Again by [CT, Lemma 3.9], any 
face A P is a face of T+(fi). Thus N p = {1, . . . , k}. As before, we get z x £ SingF Ap n(A*)". 
Since d p < we get that f&i (zi, Zi) = for all i. Consequently, z x £ Singi<A p fl {z £ A n | 
f A j (z,z) = 0, Vj £ N p } fl (A*) n , which contradicts the non degeneracy condition (*) of 
Definition 3.3. □ 

5. Non-degeneracy at infinity and examples 

Bivia-Ausina's non-degeneracy condition formulated in the real setting in [Bi] amounts 
to the following: 

Definition 5.1. [Bi, Definition 3.5] The mapping F : R" — > IR fc is non- degenerate at 
infinity if the following condition is satisfied for any p = (p±, . . . ,p n ) £ Z n such that 
p = min pi < 0: 

l<i<n 

(16) jx £ (R*) n I / A j (x) = 0, for all j = l,...,k\ = 0. 



REMARK 5.2. In our constructions we have used the minimal value of the linear function 
/ p (v) = 'Y^ =1 PiVi on supp(/j), since we have consider analytic curves depending on t — > 0, 
while in [Bi] the author used the maximal value of the linear function Z p (v) = *YTi=\Vi v i 
on supp(/j) since he considered analytic curves of variable t — > oo. Modulo this difference, 
the original definition in [Bi] coincides to the above. 

Let us see how Bivia-Ausina's definition of Newton non- degeneracy at infinity for map- 
pings compares to ours. Some examples are given. 

Proposition 5.3. Suppose that F = (f u ...J k ) : R n -> R k , k < n is a polynomial 
mapping and that is convenient, for all i = 1, . . . , k. If F is non- degenerate at infinity 
after Definition 5.1, then it is also non- degenerate infinity after Definition 3.3. 
This becomes an equivalence whenever k = n. 

Proof. We use the notations of the previous section. Let us fix a vector p = (pi, . . . ,p n ) G 
U 1 and assume that p = minpj < 0. Since fa is convenient for any i = 1, . . . ,k, the 

l<i<n 

minimal value d l p of / p (v) must be strictly negative on supp(/j) and therefore A p must 
be a face of T + (fi) and N p = {1, . . . , k}. The first conclusion of our proposition follows 
by comparing the condition (16) with the condition (*) of Definition 3.3. 

In the case n = k, let us assume that F is degenerate at infinity under Definition 5.1. 
Then there exists x G (lR*) n and a vector p = (pi, . . . ,p n ) 6 Z"\ {0} with minpj < 

l<i<n 

such that ,/a p ( x ) = 0, for every i. As before, we have that A p is a face of T + (fi) for all 
i — 1, . . . , k. 

By Euler's identity, we have (d/^^x), px) = d^f^ix) = 0, for % — 1, . . . , n, where 
px := (piX\, . . . ,p n x n ) 7^ 0. This implies that dF(x)px = 0, which yields x G Singi^p- 
Thus F is degenerate after Definition 3.3. Together with the first statement of our Propo- 
sition, this establishes the equivalence of the two definitions in the case n = k. □ 

Example 5.4. Let G = (G 1 ,G 2 ): C 2 -»■ C 2 , G(z 1 , z 2 ,z 1 ,z 2 ) = {z\ + z 2 ,z 1 -z 2 ), be a 
mixed polynomial mapping. Then G is non-degenerate at infinity, K^iG) = and G\, G 2 
are convenient. Hence Corollary 1.3 applies showing that G a diffeomorphism (which is 
already clear since G is invertible). 

But if one considers the associated real mapping of G, one has G(xi,x 2 ,yi,y 2 ) = 
(xi + x 2 , yi — y 2 , Xi — x 2 , y\ + y 2 ) and consequently fi, ■ ■ ■ , f± are not convenient, and thus 
Bivia-Ausina's results do not apply in this situation. 

Example 5.5. Consider F : 1R 3 -»■ R 2 , F(x,y,z) = (x + y,y 2 - z 2 ). One shows that F 
is non-degenerate at infinity in the sense of Definition 3.3, but degenerate in the sense 
of Definition 5.1. We also have SingF = {(x, y,z) G M 3 | y = z = 0}, so F(SingF) = 
{c = (ci, 0) | ci G R}. It turns out that K^F) = 0. 



EXAMPLE 5.6. Let F = {f\,f 2 ,fz)'- A 3 — > A 3 be a polynomial mapping defined by 
F(x,y,z) = (x + yz + xy 2 ,y,xy + z), where A = R or A = C. Then F is Newton 
non-degenerate, non-convenient, SingF = and K OQ (F) = 0. Thus Bivia-Ausina's re- 
sults do not apply, whereas our Corollary 1.3 yields that F a diffeomorphism. Actually 
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it easy to invert F and see that it is an automorphism. One may also show that the 
mapping G: A 3 — > A 2 defined by G = (fi, fa) is degenerate. 
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